According to (1.2) of [3] every ad-semisimple solvable Lie-algebra is abelian. Every subalgebra and every homorphic image of an ad-semisimple Lie-algebra is ad-semisimple.
Let if C G be a Cartan subalgebra. Then there exists an iί-module V C G such that G = H® V (Theorem 4, p. 39 of [4] ). This decomposition will be referred to as the Fitting decomposition of G relative to H. We obviously have V® k K= Θ αe/? G' α . PROPOSITION 
Let G be αd-semisimple. Then H C G is αbeliαn and V is a completely reducible H-module. Moreover G^= {x E G'\ [h,x] =a(h) -xVh Ei/'} Vα G R.
Proof. H is nilpotent, ad-semisimple and, by virtue of (1.2) of [3] , abelian. Consequently ad Λ is diagonable for every h G H'. Since a(h) is the only eigenvalue of ad Λ | C /, we obtain adj^ = a(h) id^. The H'-module V ® k K is obviously completely reducible, therefore the //-module V has the same property. PROPOSITION Proof, (1) . By assumption, //' is abelian and every ad Λ is diagonable. Consequently, there is a common eigenvector x in W ® k K. This yields the existence of a root a E R such that G' a meets W ® k K. Consider
By virtue of (1.2) U f is an //'-module which is obviously contained in W ® k K. Since U f is invariant under the action of the Galois group there exists, by general theory, a subspace U C Wsuch that U ® k K = U'. Now U is an //-module and by virtue of the irreducibility of W we obtain U = W. It is easy to see that
(2) We need only prove Q is well-defined. This is obviously a consequence of the uniqueness of the direct sum decomposition.
By (1) Consequently dim^ fF = dim^ U and we obtain U = fF. By definition of t/ the equation β(ί/) = [α] holds. Now consider a direct sum decomposition V -Φ" =1^ . This yields Λ = U; =1 β(F ), therefore we have Irr^(F) = {V l9 ..., FJ.
REMARK. One can show that the condition of (3) holds if V is an irreducible //-module. According to (1.3) this also implies the Galois group acts transitively on R. Suppose, conversely, that a transitive Galois group action is given and all the root spaces are one-dimensional; then Irr^F) contains only one element, and by complete reducibility of Fwe see that V has to be irreducible.
ROLF FARNSTEINER
We proceed by proving a lemma which is analogous to the classical result concerning the Killing form and will be applied in the study of the structure of simple-semiabelian Lie-algebras of index 1. Following Dixmier [1] we define for every linear form/ E G* the associated alternating bilinear form [(χ,y) 
»f(ίχ,y])
Note that rad^) = {x E G; B f (x, y) -0 Vj GG} is a subalgebra of G. LEMMA 1.4 . Let H C G be a Cartan subalgebra and suppose there is f E G* such that H = rad(£y). Consider the extended linear form /': G' -+ K. Then the following statements hold: (2). (5) is a direct consequence of (3) and (4). (6) According to (5) Bf,\ c , XG , is non-singular. Hence there is an isomorphism G' a -G r * a proving that GL a Φ 0.
2.
The algebra of derivations of a simple-semiabelian Lie-algebra. We adopt the notation and the assumptions of the preceding section.
DEFINITION. G is called simple-semiabelian if G is simple and every proper subalgebra is abelian.
Note that the maximal subalgebras of G are the Cartan subalgebras. Moreover, for every maximal subalgebra H of G, H is equal to the centralizer Cen G (x) for every non-zero element x of H. It has been shown in [2] that the maximal subalgebras of G are of the form H -rad(i3y), / E G*. Every derivation of a simple-semiabelian Lie-algebra is semisimple, by (4.1) of [3] . We use this to prove: ad D(Λ) E 91^ for every h E H. Consequently H is a Z>-stable subspace and £> is an element of % H by virtue of (2.2). A self-normalizing subalgebra of a restricted Lie-algebra is necessarily a/7-subalgebra.
Consider a maximal subalgebra H C G, as well as ^i H ' -[D E Der^(G); D(H) -0}. Then the following statements hold: (\)% H is a self-normalizingp-subalgebra ofΌcτ k (G). (2) If § a% H is a Cartan subalgebra of % H , then φ is an abelian Cart an subalgebra ofΌeτ k (G). (3) If G = H ® V is the Fitting decomposition of G relative to H then
(2) Every Cartan subalgebra of an ad-semisimple Lie-algebra is abelian. Let D be an element of Nor Dei>(c;) (φ). Then φ + kD is solvable and therefore abelian. As a Cartan subalgebra of 21 #, φ obviously contains the center 3(91//). This yields particularly ad ( (4). Together with the simplicity of ad(G) -G this yields the asserted equality. Suppose, conversely, that DQT k (G)/ad(G) is abelian, then 21// is solvable and hence abelian.
REMARK. In the situation above, let v be an element of V and x 0 E H\{0). Then ker(ad x j κ ) = 0. Consequently there exists
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Therefore we obtain the structure of a restricted 21 ^-module on V by definingD v = D(υ). Now let v be a non-zero element of V. The definition of 21 # gives rise to the injectivity of the mapping Since 1 is not an eigenvalue of any D E % H (2.1), we have v £ im S υ . Thus dim^ % H < dim^ V. Combining this with (3) of the preceding theorem we obtain dim^ Der^(G) < 2 άim k G/H.
In some cases, notably when G possesses an invariant non-singular bilinear form, % H can be shown to be abelian (cf. §3). At the moment, we investigate the case of a "minimal" simple-semiabelian Lie-algebra. PROPOSITION 
Let G be simple-semiabelian of minimal dimension. Then [Der^(G), Der^G)] = ad(G).
Proof, Let H C G be a maximal subalgebra and suppose % H is not abelian. Let B be a minimal non-abelian subalgebra of % H and let / < B be a maximal ideal of B. The subquotient B/J is not abelian since otherwise B would be solvable and hence abelian. Consequently B/J is simple. According to the choice of B and J every proper subalgebra of B/J is abelian. This contradicts the minimality of dim^ G, since dim^ B/J < dim^ % H < dim^ G. This shows that % H is abelian and the assertion now follows from (2.3). C Z(B) . The Lie-algebras % H and % v are canonically isomorphic and V is, by virtue of our assumption, an irreducible 3t ^-module. Hence B is a primitive, finite-dimensional fc-algebra and, by general theory, therefore, simple. This in turn implies Z(B) is a field and so is A as a finite-dimensional integral /:-algebra.
(2) If A is equal to B, then V is obviously //-irreducible. Suppose, conversely, that V is //-irreducible. Then V is A -irreducible and we infer from (1) that dim^ V = 1. Since A lies centrally in B, B is a subalgebra of End^(F). We therefore obtain 1 = dim^ End^(K) > dim^ B. ThusΛ = B.
Consider the extended Lie-algebra G' and, for a subalgebra H C G, the associated subalgebra //'. We define % H , := {/) E De%(G'); />(//') -0}. We obtain dim^ % H < dim^ U < \ dim^ V.
(2) By virtue of (1) we only have to consider the case where V is 21 ^-irreducible. It is a result of [2] that this yields dim^G^ = 1 Vα E R and char(/c) =£ 2. Let R -{α,,... ,α π , -a x ,.. .,α w } and write G' a -Kx t , 1 < i < n. According to (2.6 ) the linear map is injective and therefore we obtain: w ->G' i=\ observing (2.6) (3) This is an immediate consequence of (2.6).
We finally use the results established above in order to estimate the dimension of maximal subalgebras. PROPOSITION 2.8 . Let G be simple semiabelian and let H <Z G be a maximal subalgebra. Then dim^ H < \ dim^ G.
REMARK. It can be shown (cf. [2] ) that dim^ H <\ dim^ G for finite k.
